Given an infinite-dimensional Banach space X and a Banach space Y with no finite cotype, we determine whether or not every continuous linear operator from X to Y is absolutely (q; p)-summing for almost all choices of p and q, including the case p = q. If X assumes its cotype, the problem is solved for all choices of p and q. Applications to the theory of dominated multilinear mappings are also provided.
Introduction
Given Banach spaces X and Y , the question of whether or not every continuous linear operator from X to Y is absolutely (q; p)-summing has been the subject of several classical works, such as Bennet [2] , Carl [6] , Dubinsky, Pe lczyński and Rosenthal [8] , Garling [9] , Kwapień [11] , Lindenstrauss and Pe lczyński [12] and many others. In this note we address this question for range spaces Y having no finite cotype (such spaces are abundant in Banach space theory). For arbitrary domain spaces X the results we prove settle the question for almost every choice of p and q (Theorem 2.3), including the case p = q (Corollary 2.2). For domain spaces X having cotype inf{q : X has cotype q} (by far most Banach spaces enjoy this property) our results settle the question for all choices of p and q (Corollary 2.4). Applications of these results to the theory of dominated multilinear mappings are given in a final section.
Background and notation
Throughout this note, n will be a positive integer, X, X 1 , ..., X n and Y will represent Banach spaces over K = R or C. The symbol X ′ represents the topological dual of X and B X the closed unit ball of X. The Banach space of all continuous linear operators from X to Y , endowed with the usual sup norm, will be denoted by L(X; Y ). Given 1 ≤ p < +∞ and a Banach space X, the linear space of all sequences
p < ∞ will be denoted by ℓ p (X). By ℓ w p (X) we represent the linear space composed by the sequences
. By Π q;p (X; Y ) we denote the subspace of L(X; Y ) of all absolutely (q, p)-summing operators, which becomes a Banach space with the norm π q;p (u) := sup{ (u(x j )) ∞ j=1 q : (x j ) ∞ j=1 ∈ B ℓ w p (X) }. If p = q we simply say that u is absolutely p-summing (or p-summing) and simply write Π p (X; Y ) for the corresponding space.
Given a Banach space X, we put r X := inf{q : X has cotype q}. Clearly 2 ≤ r X ≤ +∞.
For 1 ≤ p < +∞, p * denotes its conjugate index, i.e.,
For the theory of absolutely summing operators and for any unexplained concepts we refer to Diestel, Jarchow and Tonge [7] .
Main results
Henceforth p, q and r will be real numbers with 1 ≤ p ≤ q < +∞ and 1 ≤ r ≤ +∞. Proof. Assume first that r < +∞. By (e j ) ∞ j=1 we mean the canonical unit vectors of ℓ r . If 1 ≤ q < r, then So, for every positive integer n, if u n : ℓ n r −→ ℓ n ∞ denotes the formal inclusion, then sup n π q;p (u n ) = +∞ and u n = 1.
The same is true if p ≥ r * as (e j )
. We know that ℓ ∞ is finitely representable in Y from the celebrated MaureyPisier Theorem [1, Theorem 11.1.14 (ii)] and that ℓ r is finitely representable in X by assumption. So, for each n ∈ N, there exist a subspace Y n of Y , a subspace X n of X and linear isomorphisms T and R
Since R = 1, we conclude that
Hence the operator u n • R −1 :
Since ℓ n ∞ is an injective Banach space, there is a norm preserving extension
Consider now the operator
From (1), (2) and T = 1 we get 
Calling on the Open Mapping Theorem we conclude that Π q;p (X, Y ) = L(X, Y ). Suppose now that ℓ ∞ is finitely representable in X. Since every Banach space is finitely representable in c 0 , ℓ r is finitely representable in c 0 , hence in ℓ ∞ , for every 1 ≤ r < +∞. It follows that ℓ r is finitely representable in X for every 1 ≤ r < +∞, so the result holds for every 1 ≤ r < +∞ by the first part of the proof, hence for r = +∞. Proof 
Proof. (a) Since ℓ r X is finitely representable in X (Maurey-Pisier Theorem), the case 1 ≤ q < r X and the case p ≥ r * X follow from Theorem 2.1. Suppose 1 < p < r * X and q <
. From the previous cases we know that Π s;r *
for every s ≥ 1. So the proof will be complete if we show that Π q;p (X; Y ) ⊆ Π s;r * X (X; Y ) for sufficiently large s. By [7, Theorem 10.4 ] it suffices to show that there exist a sufficiently large s so that q ≤ s, r * X ≤ s and
s , completing the proof of (a). (b) If q > r X , then X has cotype q, hence the identity operator on X is (q; 1)-summing, so Π q;1 (X; Y ) = L(X; Y ). Suppose 1 < p < r * X and q > . For spaces X having cotype r X the problem is completely settled: Corollary 2.4. Suppose that Y has no finite cotype and that X is infinitedimensional and has cotype r X . Then Π q;p (X; Y ) = L(X; Y ) if and only if either p = 1 and q ≥ r X or 1 < p < r * X and q ≥
Proof. As mentioned above, by Theorem 2.3 it suffices to consider the cases (i) p = 1 and q = r X , (ii) 1 < p < r * X and q =
. Since X has cotype r X , the identity operator on X is (r X ; 1)-summing, so (i) is done. By [7, Theorem 10.4] we have that Π r X ;1 (X; 
Applications to the multilinear theory
One of the most interesting and most studied multilinear generalizations of the ideal of absolutely p-summing linear operators is the class of p-dominated multilinear mappings. A continuous n-linear mapping A :
. . , n, where
we simply say that A is p-dominated. For details we refer to [4, 13] .
Continuous bilinear forms on either an L ∞ -space, or the disc algebra A or the Hardy space H ∞ are 2-dominated [4, Proposition 2.1]. On the other hand, partially solving a problem posed in [4] , in [10, Lemma 5.4 ] it was recently shown that for every n ≥ 3, every infinite-dimensional Banach space X and any p ≥ 1, there is a continuous n-linear form on X n which fails to be p-dominated. As to vector-valued bilinear mappings, all that is known, as far as we know, is that for every L ∞ -spaces X 1 , X 2 , every infinite-dimensional space Y and any p ≥ 1, there is a continuous bilinear mapping A : X 1 × X 2 → Y which fails to be p-dominated Proof. Suppose, by contradiction, that every continuous bilinear mapping from X 1 × X 2 to Y is (p 1 , p 2 )-dominated. A straightforward adaptation of the proof of [3, Lemma 3.4] gives that every continuous linear operator from X 1 to L(X 2 ; Y ) is p 1 -summing. From [7, Proposition 19 .17] we know that L(X 2 ; Y ) has no finite cotype, so Corollary 2.2 assures that there is a continuous linear operator from X 1 to L(X 2 ; Y ) which fails to be p 1 -summing. This contradiction completes the proof.
The same reasoning extends [10, Lemma 5.4] to (p 1 , . . . , p n )-dominated nlinear mappings (for eventually different p 1 , . . . , p n ) on X 1 × · · · × X n (for eventually different spaces X 1 , . . . , X n ): Proposition 3.2. Let n ≥ 3, X 1 , . . . , X n be Banach spaces at least three of them infinite-dimensional and let p 1 , . . . , p n ≥ 1. Then there exists a continuous n-linear form A : X 1 × · · · × X n −→ K which fails to be (p 1 , . . . , p n )-dominated.
